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Abstract – Knee preservation in below knee (BK) amputees 

leads to less deviation from normal gait compared to above 

knee amputees; however, the below knee amputees must 

contend with substantial challenges due to functional loss of 

ankle joint. Hence, in order to improve the quality of motion 

among these subjects, the embedded spring module, in 

available commercial passive prosthesis, restores and returns 

energy during walking to compensate for the lost limb. While 

most of the researches in this field, concentrate on the 

influence of ankle stiffness on metabolic rate and energy 

expenditure during walking, the effect of stiffness on highest 

achievable speed is not well understood. The objective of this 

paper is to understand this effect. To this end, a 

mathematical framework is used to simulate fast walking of a 

below knee amputee. The problem is solved for the highest 

achievable speed of the model with phase plane method and 

the effect of different ankle stiffness is investigated. In 

addition the effect of damping ratio on walking speed is also 

studied. These results can be used in design of BK prosthesis 

for amputees with higher levels of activities. 
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I. INTRODUCTION  
 

Lower limb amputation is one of the important issues of 

human being over centuries. Thanks to the science and 

technology advancement, improvement of the life quality 

of amputees to be capable of doing not only the daily 

routine activities but also more complex activities such as 

fast walking, has gained lots of attention during past few 

decades.  

One of the common types of amputation is below knee 

(BK) amputation. Although knee preservation in these 

amputees brings about less deviation from normal gait and 

reduced energy consumption compared to above knee 

amputations [1], [2], the functional loss of plantar flexor 

muscles causes noticeable challenges for BK amputees. 

The ankle plantar flexors generate over 80% of the 

essential mechanical power in a normal gait cycle [3], and 

also produce 540% more work than they store during a 

gait [4]. Hence, a BK amputee must adapt with new motor 

control strategies, and altered mechanical properties of the 

substituted limb should be able to compensate for ankle 

loss.  

Passive prostheses with energy storing and returning 

feet, can improve the amputee gait with storing elastic 

energy and releasing it in stance phase [5]. Researches 

show that BK amputees which walk with these prosthesis, 

experience lower self-selected walking speed and higher 

amounts of energy expenditure compared to normal 

walking [1], [6], [7]. Some researchers believe that 

choosing lower speed is a selected strategy in BK 

amputees to reduce the unwanted effect of large ground 

reaction forces on intact limb [8]–[11]. However, further 

studies show that increase in walking speed do not 

aggravate the inter limb asymmetry between sound and 

prosthetic limb [8], [12]–[14], and combination of residual 

limb and proper passive-elastic prosthesis may effectively 

compensate for the lost ankle joint to walk fast [14]. 

Therefore, the question is: how the physical properties of 

the passive-elastic prosthesis such as ankle stiffness and 

damping ratio would help the subjects to enhance their 

walking speed. 

To achieve the aim of current paper, a mathematical 

framework for fast walking of a below knee amputee is 

used. The utilized frame work is extended model of the 

frameworks used for time optimal walking of a biped 

robot and a normal human [15]–[17], which emulate the 

conditions of walking with highest allowable speed for the 

corresponding subject.  

 

II. MATHEMATICAL MODELING 
 

A. Model characteristics  
In order to achieve the objective of this paper, one may 

primarily need to choose a proper model. An eight link 

model of a planar biped is used in this framework which 

consists of a trunk and two legs. The trunk represents the 

pelvis, torso, head and arms in the model and the sound 

leg includes four joints of hip, knee, ankle and toe. The 

opposite leg consists of the hip and knee, similar to the 

sound leg with half shank amputation. It is assumed that 

the passive below knee prosthesis has a shank aligned with 

residual limb and a spring module in ankle joint which 

connects the shank and foot of prosthesis (Fig.1).  

Therefore, one may describe the motion (which is assumed 

to be confined in sagittal plane) with ten generalized 

coordinates as shown in Fig.1, with a generalized vector in 

the form of  1 2 3 4 5 6 7 8, , , , , , , , ,q q q q q q q q x z .  

B. Pattern of Walking  
As mentioned earlier, below knee amputees have the 

potential for retaining normal gait, because of normal 

control on hip and knee joints. However, lack of direct 

muscular control (especially plantar flexion function) and 

local proprioception (particularly the precise awareness of 

foot contact on the floor) made the gait of amputees less 

than normal [18]. Motion analysis of a below knee 

amputee with QUANTUM® foot (as an example of 

restore and returning passive prosthesis), shows an 
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excessive ankle dorsiflexion in terminal stance and 

excessive knee flexion in loading response and pre-swing 

phases of motion in comparison with motion analysis of 

normal gait. Hence, it is assumed in this framework that 

the subject is walking with the modified pattern to adapt 

with new conditions. The details on this pattern for ranges 

of motion of joints are available in [18]. 

 
Fig.1. An eight link planar model of a below knee amputee 

 

In the current pattern, it is assumed that a stride begin 

with heel strike of the amputee leg in the first step, 

following by the heel strike of sound leg in the second 

step. Each step includes two phases, double support phase 

(DSP) and single support phase (SSP); which SSP, itself, 

consists of two sub-phases. During the first sub-phase of 

the SSP (occurring right after DSP), it is assumed that the 

stance leg is flat, supporting the whole body (SSP-FF); 

while during the second sub-phase of SSP, the heel of 

stance leg rises up and the foot rotates around the toe joint 

(SSP-FR). The system during SSP has open chain tree like 

configuration and during DSP has close chain 

configuration. Therefore, the simulation consists of six 

phase/sub-phases to study a whole stride. 

C. Equations of Motion 
The equations of motion for the current system in six 

phase/sub-phases are written in the general form of  

( ) ( , ) TM q q H q q B J F                     (1) 

with holonomic constraints of foot contact with the ground 

in the form of: 

( ) 0q                                                             (2) 

where ( )M q  in this relation is a symmetric inertia 

matrix. ( )H q , represents coriolis, gravitational and 

centrifugal terms.   illustrates the vector of input torques 

of toe, ankle, knee and hip joints and B  is a constant 

matrix that depicts the combination of input torques in 

each row of equations. Matrix /J q    shows the 

Jacobean of the holonomic constraints due to contact with 

the ground and F  is the vector of contact forces related to 

corresponding holonomic constraints. It is worthy to note 

that, dimension of each matrix in above equations are not 

the same in different phase/sub-phases of the motion due 

to different nature of them [15], [17]. 

D. Stability 
In this study Zero Moment Point (ZMP) criterion is used 

to maintain stability during walking. ZMP is the point on 

the ground where moment of all gravitational and inertial 

forces acting on the system is zero. Maintaining this point 

within the supporting polygon can assure stability of 

motion [19]. Moreover, in order to prevent slippage of foot 

during various phase/sub-phases, it is desired to have a 

motion in such a way that there would be always enough 

normal force applied to stance leg to prevent slippage. 

 The mentioned conditions is enforced to the system by 

appropriate inequality constraints defined as a function of 

normal and tangential contact forces applied to the foot of 

stance leg [15], [17]. For DSP, these constraints are in the 

form of  

z x

fh fh

z x

rt rt

F F

F F





 




                                         (3) 

in which   represents friction coefficient between the 

foot and ground, and superscripts x and z respectively 

represents tangential and normal elements of vector F in 

corresponding equations of motion in DSP, shown in 

general form by Eq.1. The subscript ―fh‖ and ―rt‖ are 

shown for forces in heel of front leg and toe of rear leg 

respectively [15].  

For SSP, in both sub-phases, the inequality constraints 

of ZMP stability and prevention from slippage can be 

illustrated by: 
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where subscript ―b‖ represents the back part of the 

supporting limb and ―f‖ represents forefront of it. The 

whole foot is assumed as the supporting limb for SSP-FF 

and the toe link is the supporting limb during SSP-FR 

[15], [17]. 

E. Maximum Available Torque Joints 
The speed of walking is limited by human strength 

which can be interpreted by different expressions. Since, 

the maximum voluntary joint torques changes 

substantially with joint angle and angular velocity (due to 

muscle force-length and force-velocity relations), 

isokinetic torques may predict the behavior of human joint 

torques properly [20]. To consider this effect in the current 

study, it is assumed that the vector of joint torques is 

allowed to change within the available isokinetic torque 

ranges 

min max( , ) ( , )                                      (5) 

In which   and   depicts the angle and angular 

velocity of the corresponding joint respectively. The 

values of maximum and minimum available joint torques 
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are adapted from practical relations [20]. The complete 

details on experimental data, statistical analysis and 

estimated relations for torque bounds in Eq.5 can be found 

in [20]. 

F. Below Knee Prosthesis 
The amputation in this study is assumed as a half shank 

amputation, walking with QUANTUM® foot with a 

rotational spring in ankle joint with stiffness of k and 

damping coefficient of c. 

 

III. SOLUTION METHOD 
 

In previous sections, the characteristics of the model and 

essential conditions which must be satisfied 

simultaneously in the solution are described. One should 

note that although the pattern of motion is fixed and it is 

desired to follow the specified pattern of walking, but the 

speed of hip joint along its trajectory is a free parameter 

which could be optimized to obtain maximum achievable 

speed. Hence, the problem can be defined as a single 

degree of freedom (DOF) optimization problem with 

stability and torque limits constraints.  

To achieve the solution to this problem, one may use 

phase plane method, introduced first time by Bobrow, 

Dubowsky and Gibson [21] for time optimal solution of 

serial manipulators. They illustrated that time optimal 

motion of non-redundant serial manipulator along the 

specified path subject to actuator limit is bang-bang in 

terms of tangential acceleration of tip of manipulator along 

the specified path. This method which was later extended 

to solve the time optimal problem of a biped [15], [17] is 

used here for below knee amputees. 

The first step toward the solution in this method is to 

convert a ten DOF problem as a function of q, to a single 

DOF problem, as a function of independent parameter of 

hip path. To this aim, first the independent parameter of 

path, s, is defined as a non-dimensional horizontal position 

of hip as follows: 

i

s

x x
s

D


                                                (6) 

in which x and ix  are the horizontal position of hip and 

its value at the beginning of the step respectively, and sD  

is the corresponding step length. It is obvious that s varies 

between zero to one for each step.  

Afterward, some proper kinematic constraints are 

defined to illustrate the relation between q and s. The 

number of kinematic constraints in each phase/sub-phase 

must be equal to real degrees of freedom in that phase/sub-

phase, minus one [15], [17]. This conversion maps the 

optimization problem to the phase plane ( , )s s , in order 

to reach for bang-bang solution, and also assures that 

yielding solution would follow the desired walking 

pattern.  

One may know that in order to achieve a bang-bang 

solution of a problem, the maximum available 

acceleration/deceleration in each instant and appropriate 

switch points between them must be known. Moreover, it 

is clear that the higher trajectory in phase plane is 

interpreted as a faster solution; however, actuator limits 

and stability constraints, in the form of inequality relations 

in Eq.3 to Eq.5, would create a non-feasible boundary 

(NFB) in phase plane which above that, no combination of 

actuator efforts would yield to a feasible solution. 

Therefore, establishing the NFB, finding the candidate 

switch points in phase plane and calculating the maximum 

forward or backward acceleration ( )s  in each instant are 

three crucial steps of this solution. Interested reader is 

referred to [15] for complete mathematical details on this 

solution for a biped model.  

It is worthy to mention that, using an embedded spring 

in ankle of the passive prosthesis instead of normal 

actuator in the explained mathematical framework [15], 

[17], causes technical challenges in the solution which are 

not shown in this paper. 

 

IV. RESULT AND DISCUSSION 
 

In order to study the effect of ankle stiffness on walking 

speed of a below knee amputee, fast walking of an 

amputee is simulated in the above explained mathematical 

framework. Physical characteristics of the model are 

obtained from the human anthropometry described by 

Winter [22] for an example subject with 1.7 m height and 

70 kg weight. The physical characteristics of the prosthesis 

are adapted from commercial QUANTUM® foot. The 

maximum available joint torques are calculated from the 

data provided in reference [20] for a young male subject 

(18-25 years old). The step lengths of two consequent 

steps in a stride (starting with heel strike of prosthetic 

foot) are provided in Table 1. Moreover, the values of s, 

defined in Eq.6, at the beginning of each phase/sub-phases 

are available in this table. These values are calculated 

from the empirical pattern of walking for below knee 

amputees [18] and physical parameters of the model [22]. 

The value of damping c is assumed to be zero first, to 

investigate the effect of ankle stiffness exclusively, and 

then the effect of damping is investigated. 

It is worthy to note that the aim of this study is to find 

the trend of speed variation with ankle stiffness. 

Therefore, in the following sections, the results are 

achieved, based on mean values of physical parameters of 

a human [22] and available joint torques [20] with average 

pattern of walking for a below knee amputee [18], as 

described in previous sections. However, one should note 

that if the proposed method is tried to be used for a 

specific subject, it would be suggested to estimate more 

realistic data based on specific experiments for physical 

parameters and pattern of walking. 

Table I: The Kinematic characteristics of walking pattern 

with QUANTUM® foot 

 (Ds) DSP SSP-FF SSP-FR 

First Step 0.82 m s=0 s=0.22 s=0.62 

Second Step 0.71 m s=1 s=1.21 s=1.63 
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A. Effect of Stiffness 
Simulations show that the time optimal framework for 

this model has feasible answers only for a certain ranges 

of stiffness values from 220 to 265 (N.m/rad) and outside 

this range, there would be no feasible solution in the 

mathematical framework for the assumed subject. Hence, 

one may conclude that it is essential to choose the value of 

ankle stiffness within an acceptable range, in order to 

achieve the high speed walking with a specified pattern of 

motion. 

Fig. 2 depicts the relation between ankle stiffness and 

highest achievable speed. It is clear that increase of k 

within the allowable ranges, leads to a higher speed of 

walking with a quadratic function. In another words, this 

effect mitigates in vicinity of the larger boundary of 

stiffness (265 N.m/rad). The overall increase in speed due 

to increase of ankle stiffness in this study is 15.5%.  

This phenomenon affects the solution trajectory in the 

phase plane diagrams and brings about higher solution 

trajectories in case of larger ankle stiffness. For better 

understanding of this effect, Fig. 3 illustrates phase plane 

diagram of the time optimal problem for a) k=220 N.m/rad 

and b) k=265 N.m/rad in one stride.  

Comparison of the solution trajectories in these 

diagrams reveals that the SSP-FF in the first step (when 

the prosthesis is in stance) is the most dependent sub-

phase to stiffness variations. It is clearly visible that the 

larger ankle stiffness in Fig. 3(b) induced a higher solution 

trajectory in this sub-phase; which means that larger 

values of the k would provide stronger support for the 

subject to pass the stance phase. On the other hand, the 

solution trajectory in the simulation for lower values of 

stiffness (k< 220) crosses the line of s=0 and yields no 

feasible solution. Hence, the minimum value of the 

stiffness which is essential for proper support during SSP-

FF1 is specified as k=220 N.m/rad for the current model. 

The solution trajectory in DSP during first step is also 

raised up consequently, by stiffness increments; but the 

overall height change of the SSP-FR1 due to stiffness 

variations is negligible. 

The variation of stiffness would not affect the solution 

when the prosthesis is in swing phase (i.e. SSP-FF2 and 

SSP-FR2), which is expectable because of almost no 

relative motion of foot and shank prosthesis during this 

phase.  

 
Fig.2. Variation of walking speed with increase in ankle 

stiffness within feasible bound 

 

The phase plane diagram in DSP during second step 

shows an exceptional behavior. The solution trajectory 

crosses the NFB in a limited interval of s within s=1 to 

s=1.1; which means that during terminal stance of 

prosthesis leg, foot slippage would occur. The slippage 

condition is aggravated by stiffness increments, until the 

failure of the solution trajectory to cross the NFB, for the 

k>265.  

Therefore, the optimization framework would not have 

any feasible solution for k>265 due to this effect. This 

means that the foot slippage for the smaller values of k can 

be ignored, but further increase in stiffness causes serious 

slippage problem which prevents the model to follow the 

pattern. Hence the upper boundary for the stiffness value 

is specified by the slippage condition during DSP2 as k= 

265. 

Moreover, study of the variation of the joint torques, 

due to increase in ankle stiffness, shows that there is also 

interesting effect on torque history of the sound leg during 

swing phase. Fig. 4 shows the ankle and hip torques of the 

intact leg during one stride for k=220 N.m/rad (Fig. 4a, b), 

and for k= 265 N.m/rad in (Fig. 4c, d). It is clear that for 

hip and ankle torques with smaller stiffness (Fig. 4a,b), 

higher effort than normal available torques is needed 

within the s interval of (0.62-0.67), in order to achieve the 

high speed walking. This effect would disappear in case of 

k=265 N.m/rad (Fig. 4c, d). Hence, the higher value of 

ankle stiffness within the feasible range would alleviate 

the additional demand for input torques in ankle and hip of 

sound leg during SSP-FR1. This effect does not appear in 

knee torque during swing phase and the torque value of 

knee is always within the available bound. 

 

 
Fig. 3. Phase plane diagrams of a whole stride for a) k=220 

N.m/rad, b) k=265 N.m/rad. Step1(s=0 to 1) starts with 

heel strike of prosthetic leg and step 2 (s=1 to 2) starts 

with heel strike of intact leg 
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(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Fig.4. The torque history of ankle and hip joints of sound 

leg in one stride including six phase/sub-phases. a) Ankle 

torque, k=220 N.m/rad, b) Hip torque, k=220 N.m/rad, c) 

Ankle torque, k=265 N.m/rad, d) Hip torque, k=265 

N.m/rad. Each stride starts with heel 

 

B. Effect of Damping 
A non-zero damping value in ankle joint would lead to 

no solution in our model. The most crucial problem in case 

of non-zero damping ratio appears in DSP1, when the heel 

of prosthesis hit the ground. Actually, damping ratio in 

this phase dissipates the energy, which is needed to store 

in the spring and return later to push off the foot from the 

ground. Hence, by adding the damping ratio to the system 

the main feature of spring to release energy, in order to 

compensate for the lost ankle is corrupted. Therefore, it is 

suggested to lessen the damping ratio to zero value in 

design of passive prosthesis. 

 

V. CONCLUSION 

 

The effect of ankle stiffness and damping ratio on 

walking speed is investigated in this paper. A time optimal 

framework is used to simulate fast walking of a below 

knee amputee in sagittal plane. It is assumed that the 

amputee is walking with QUANTUM® foot (a passive 

prosthesis which stores and returns energy). The pattern of 

walking is adapted from experimental data provided by 

Perry [18]. Following this pattern and stability are the 

conditions which are satisfied in the utilized framework. 

Moreover, in this framework, maximum available joint 

torques, induce some limitations on walking speed. It is 

shown that a large value of stiffness is essential for the 

prosthesis to support the body during the single support 

phase (SSP1). Hence, there is a minimum value for the 

ankle stiffness (i.e. 220 N.m/rad in our model) which 

below that value the prosthesis fails to support the body 

for fast walking. On the other hand, larger amount of ankle 

stiffness would aggravate the proper function of the 

prosthetic foot during double support phases and increases 

the chance of slippage and poor propulsion. Therefore, 

there is a maximum value for ankle stiffness (i.e. 265 

N.m/rad in our model) which above that foot slippage 

would interrupt stable walking. Hence, there is a limited 

acceptable rang for ankle stiffness (220-265) which 

satisfies the desired conditions of fast walking. These 

results are in line with experimental and theoretical studies 

on effect of stiffness on walking mechanics of below knee 

amputees [23], [24]. 

Stiffness increment within the allowable range, leads to 

maximum 15.5% growth in walking speed. Moreover, the 

larger values of the stiffness within the allowable range, 

reduces the high load on the joints (especially hip and 

ankle joints) of the sound leg during a swing phase.  

Damping ratio creates a negative effect on high speed 

walking and it is not recommended in design of ankle joint 

in below knee prosthesis.  

Therefore, one may conclude that the highest possible 

ankle stiffness along with almost zero damping ratio are 

the best choices for fast walking with passive below knee 

amputees. The feasible range of stiffness can be calculated 

in the current framework regarding to weight, height and 

age for both male and female subjects. 

In the current mathematical framework, only the 

stiffness of the ankle is taken in to consideration, whereas 

the stiffness of heel, keel and toe parts in energy storage 

and return foot, influence the walking mechanics [23]–

[25] that can be considered in future studies.    
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