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Abstract: A design verification study of some shafts based 

on a probabilistic approach using the Gerber fatigue failure 

rule is presented. The shafts are subjected to combined 

bending and torsional loads. The design model parameters 

are considered as random variables characterized by mean 

values and coefficients of variation (covs). The coefficient of 

variation of a design parameter is obtained by using first 

order Taylor series expansion for strength and stress in a 

stress-based fatigue design.  A reliability factor is defined and 

related to the covs of the design parameters and a failure 

probability. 

This study shows that deterministic engineering models 

can be transformed into probabilistic models that can predict 

the failure risk in a design situation. From the design 

verification of example 1, it is shown that the popular 

modified Goodman model (MGM) for stress-life fatigue 

design is very conservative in that application. Only one 

design point in Example 2 appears to be inadequate. 

Generally, the design of the three shafts appears satisfactory, 

though mostly conservative. 

Probabilistic design seems to be the most practical 

approach in product design due to the inherent variability 

associated with service loads, material properties, geomet-

rical attributes, and mathematical design models. It can be 

used to avoid over- or under-design problems while ensuring 

that safety and quality levels are economically achieved. The 

design objective should be meeting a desired reliability 

target, not a reliability or safety factor. The probabilistic 

model approach presented here needs to be explored for 

other design applications, so as to the make probabilistic 

design a common practice. 
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I. INTRODUCTION 
 

The design of shafts is a common task in industrial and 

business machines. Most design approaches are based on 

the Modified Goodman fatigue design diagram with the 

use of a design or safety factor and a reliability statement 

associated only with the fatigue strength of the shaft 

material. This nominal reliability really does not give a 

true picture for a design as the variability of other design 

model parameters is not considered.  The design is verified 

by estimating the safety factor which should be at least 

equal to a desired minimum value that is subjectively assi-

gned. This method, however, gives no insight of individual 

variation or the actual margin of safety in a design [1].  

Deterministic design methods do not provide a logical 

basis for addressing uncertainties, so the level of reliability 

cannot be assessed quantitatively [2].   

It is well established that variation is inherent in 

material properties, loading conditions, geometric proper-

ties, simulation models, manufacturing precision and 

actual product usage [1,3]. It is generally acknow-ledged 

that the variability of loads in service is very difficult to 

assess at the design phase [1, 2, 4]. There is ample 

evidence of the variability of mechanical properties of 

materials such as tensile, yield, and fatigue strength [4, 5, 

6, 7]. Geometric variability of design parameters is 

generally controlled through manufacturing tolerances. 

But every manufacturing process has its capability with 

respect to dimensional tolerances and surface quality.  

Therefore, component dimensions can only be reproduced 

within some tolerance specification. It is not physically 

possible or financially feasible to eliminate variation of 

geometric design parameters. This is due to the fact that 

the reduction of variability is associated with higher costs 

either through better and more precise manufacturing 

methods and processes or through increased efforts in 

quality control. Accepting variability and limiting is a 

more practical approach in design as it makes production 

more cost-effective and products more affordable [8].  

According to Hammer [9], a good engineer designs a 

product to preclude failures, accidents, injuries, and 

damages. Therefore, safety is at the heart of good 

engineering design practice. Safety can be assessed by 

estimating the risk of failure and judging the acceptability 

of that risk. The most rational approach to the problem of 

structural safety is based on statistical probability [10].   

This allows the evaluation of the random nature of design 

parameters that influence the loads and the strength 

capability of structural members that may cause failure.  

Probabilistic design allows a quantification of risk that is 

not possible with deterministic design approaches. This 

risk quantification can help to avoid over- or under-design 

problems while ensuring that safety and quality levels are 

economically achieved [11]. Over design requires more 

resources than necessary and leads to costly products.  

Avoiding over-design helps to conserve product materials 

and reduce manufacturing resources, machining accuracy, 

quality control, etc. during processing. Under-designed 

products are prone to failures, making the products unsafe 

and unreliable. This increases the risks of product liability 

lawsuits, customer dissatisfaction, and even accidents [12].  

Much research has been done in recent years on 

quantifying uncertainties in engineering systems and their 

effects on reliability.  

A component or product failure probability should 

reflect the consequence of failure such as product damage 

or personnel injury [5, 13, 14]. According to Socie [15], 

failure probability of 10
-6 

to 10
-9 

for safety and 10
-2 

to 10
-4 

for economic damage may be considered acceptable.  The 

aerospace industry specifies a failure probability of 10
-5 

in 

many cases, while the standard failure probability of 

rolling element bearings is 10
-1

 [16]. Ashby and Jones [17] 

says a failure probability of 10
-1

 may be acceptable for 



  

 

 

Copyright © 2015 IJEIR, All right reserved 

198 

 

 
International Journal of Engineering Innovation & Research  

Volume 4, Issue 1, ISSN: 2277 – 5668 

ceramic tool because it is easily replaced but one may aim 

at a value of 10
-6 

where failure may result in injury and 

probably 10
-8

 when one component failure could be fatal.  

Frames, housing, and similar supporting structures must be 

designed for low failure probability since their failure may 

completely disable or damage the equipment, injure or 

even kill operating personnel.   

The most problematic design situation is dynamic where 

machine and structural members are subjected to fatigue 

loading. About 80% to 90% of the failures of machine and 

structural members result from fatigue [18, 19].  Fatigue 

failure normally takes the form of brittle fracture at 

stresses well below the static strength of the materials [20] 

which can be catastrophic sometimes. Probabilistic fatigue 

design should therefore be of significant interest due to its 

ability to account for variability in design elements [10]; 

gives more consistent results because design can be done 

to a specific probability target; and its potential to 

conserve materials and manufacturing resources.  

This paper is focused on the design verification of shaft 

components loaded in bending and torsion under high-

cycle fatigue conditions. The relevant serviceability is 

fatigue strength which should be related to bending 

moment and twisting moment loads and geometry of a 

component. The traditional Gerber bending fatigue crite-

rion is selected for probabilistic application because it 

captures experimental data on an average performance 

basis [4, 6] and thus can be associated with 50% reliability 

when mean values of design parameters are used in the 

model. Higher or lower reliabilities can be achieved 

through specific failure probability requirement and 

variability of design model parameters.  

 

II. LOGNORMAL RELIABILITY MODEL 
 

The use of probabilistic design methods requires some 

appropriate probability distribution model [21]. The 

lognormal probability distribution model has inherent 

properties that make it suitable for machine and structural 

design applications [22, 23].  Recently, a reliability model 

based on the lognormal distribution function was proposed 

[24].  Fig. 1a shows the frequency distribution for this 

model while Fig. 1b depicts the corresponding unit normal 

variate distribution. The failure probability associated with 

the unit normal variate is represented by the area under the 

normal distribution curve (shaded in Fig. 1b). Referring to 

Fig. 1b, any normal variate q on the left of the origin can 

be obtained using the unit normal variate .z The failure 

zone of a component is the region of 0q .  Hence when

0q  the unit normal variate is [24]: 
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For 1.28 ≤ z < 7.0, the reliability can be estimated as 
[24]: 
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From Eqn. (1): 
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Fig.1. Random variable with normal distribution 

 

Eqn. (1) gives the unit normal variate z based on the 

reliability factor and design model parameters variability.   

Eqn. (2) gives the reliability for the unit normal variate z . 

If a desired reliability or failure probability is specified, 

then z is known and the necessary reliability factor zn for 

achieving this reliability can be obtained from eqn. (3).  

The reliability model shows that a reliability factor can be 

associated with a specific reliability variable (unit normal 

variate) and hence a specific reliability value if the covs of 

design parameters are accounted for. Thus, the reliability 

factor is just not a “number” arbitrarily chosen in a design 
problem.  It is functionally related to the risk of failure of 

a component and is, therefore representative of a 

reliability level that can be quantified and used for risk 

assessment. 

The task in using the reliability model of Eqns. (1) to (3) 

is to develop expressions for 
S and  for specific design 

models. Taylor series expansion can be used to estimate 

expected values for unskewed or lightly skewed dis-

tributions [4]. A first order estimate of the mean and 

standard deviation may be obtained by this technique and 

the cov evaluated there-off [23, 24]. The model app-

lication is not limited to stress-based design; it can be used 

for any serviceability criterion of interest such as lateral 

stability, transverse deflection, torsional rigidity, critical 

speed, etc. In this study, expressions for 
S and  for 

Gerber bending fatigue failure rule for combined bending 

and torsional loads are used. 

 

III. DESIGN SIZING AND VERIFICATION 
 

The design analysis of a component generally involves 

iteration in two basic tasks: design sizing and design 

verification as depicted in Fig. 2.  The task in design sizing 

requires the determination of the form and size of a 

member for a desired reliability level. Suitable serviceabil-

ity criteria such as strength, transverse deflection, torsional 

deformation, buckling, etc. along with the type of load and 
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its configuration are used in sizing a component or 

assembly. The form of a member is defined by its length 

and cross-sectional shape and dimensions over its length. 

In general, the cross-section may vary along the length of 

a member but this makes analysis more complicated and 

costly. Constant cross-sectional members are usually the 

first choice, especially during preliminary design but 

modifications often occur later in the design process.  The 

length of a member is generally based on space limitation 

and may be estimated in a preliminary design layout 

diagram but can be refined later, perhaps from rigidity or 

strength considerations. The cross-section can be sized for 

an assumed shape based on fatigue strength or other 

serviceability criteria. Design sizing of components loaded 

in combined bending and torsion under high-cycle fatigue 

conditions is considered in [24, 25].  

In a probabilistic approach, design verification is the 

assessment of the adequacy of a component or assembly 

design on the basis of a desired reliability target. A design 

is accepted as adequate if the evaluated expected 

reliability level is at least equal to the desired target.  In 

deterministic design approach, the safety factor or design 

factor is used for assessment. 

 

 
Fig.2. Design Analysis 

 

As in deterministic design, a factor of reliability (safety) 

greater than unity is necessary for failure avoidance in 

probabilistic design. In addition, probabilistic design must 

also meet the desired reliability target. Design verification 

is done to ensure that the selected form and dimensions of 

a component or assembly meet design requirements. 

 

IV. EQUIVALENT BENDING LOADS AND 

VARIABILITY 
 

Bending stress can be expressed as a function of the 

bending moment and section modulus. Similarly, the 

torsional stress can be expressed as a function of the 

twisting moment and polar section modulus.  Thus for 

solid shafts: 
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The equivalent alternating bending moment due to 

combined bending and torsion in dynamic and static 

fatigue situations are [25]: 
 

2222
75.0 aaovaeq TkMkKM      (7) 

 

The cov of Eqn. 7 is in [24] and is simplified as: 
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The equivalent mean bending moment due to combined 

bending and torsion in dynamic fatigue is: 
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The cov of Eqn. 10 [24] is simplified as: 

 

 
22

242

222

)75.0(

75.0

m

bmm

ovzxmeq








  (11a) 

 

m

m
m

T

M
                  (11b) 

 

The equivalent mean bending moment due to combined 

bending and torsion in static fatigue [25] is: 
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The cov of Eqn. 12 [24] is simplified as: 
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The equivalent alternating and mean bending stresses 

are, respectively: 
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V. MODIFIED GERBER BENDING FATIGUE 

MODEL 
 

Fig. 3 shows the Gerber bending fatigue design diagram 

in high-cycle fatigue of the order of 10
3
 to 10

7
 load cycles.  

It is stated in [4] that majority of machinery shafts and 

attached components are loaded in high-cycle fatigue. 

Now, the stress state in bending fatigue loading is 

appraised from the maximum and minimum stress values 

imposed on the structural or machine member during one 

load cycle.  The exact variation of the stress during the 

cycle does not seem to be particularly relevant.  The 

damage from cyclic bending stress state is assessed on the 

basis of the mean and amplitude stresses.  When a tensile 

mean stress is present during fatigue load cycle, the 

material fails at alternating stress levels lower than the 

fatigue strength.  

In Fig. 3, the Gerber fatigue failure rule is represented 

by the Gerber curve ABC.  The design space is divided by 

the line OB into two regions OAB called dynamic fatigue 

failure regime and OBC called static fatigue failure regime 

[26]. In region OAB, material failure results from the 

predominant influence of the alternating stress and 

material failure is due to the predominant influence of the 

mean stress in region OBC. Line OB makes angle β with 
the horizontal line. The angle β is a function of the service 
fatigue and tensile strengths of materials [25, 26]: 

 

u
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st  5.1tan                  (15b) 

 

 
Fig. 3: Gerber fatigue design diagram 

 

A design point is defined by the coordinates

),( aeqmeq   which has a load line that passes through the 

origin with a slope [25] given by: 
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If η is equal to or greater than the load line transition 
factor ηt, then the design point will be inside the region 

OAB in Fig. 3 and dynamic fatigue failure applies.  If is 

less than ,t then the design point will be inside triangle 

OBC in Figure 3, and static fatigue failure applies. 

A. Dynamic Fatigue Failure Regime: t   

The design load capability in dynamic fatigue failure is 

determined by the service fatigue strength.  If direct field 

measurements are made, f is obtained from test results. 

However, laboratory fatigue tests on small polished 

specimens of the material of interest [4, 16] can be used to 

estimate field or service fatigue strength by making use of 

adjustment or correction factors.  In such a case, the 

service fatigue strength, Eqn. (17a) and coefficient of 

variation of the fatigue strength, Eqn. (17b) are estimated 

respectively as: 
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Alternatively, the basic fatigue strength may be 

estimated from the tensile strength and the service fatigue 

strength, Eqn. (18a) and coefficient of variation of the 

fatigue strength (Eqn. 18b) are estimated respectively as: 
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From [13, 23], ef  for tradition Gerber rule in dynamic 

fatigue is:   
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From [23], the cov of ef  (Eqn. 28a) can be expressed 

as: 
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The reliability factor is determined as [23, 25, 26]:  

 

ef

f

z

S
n


      (21) 

O

A

B

C

Gerber

Parabola

ß

s

S

s
S

A

M

u

f

s = 0.75SA f

s = 0.50SM u



  

 

 

Copyright © 2015 IJEIR, All right reserved 

201 

 

 
International Journal of Engineering Innovation & Research  

Volume 4, Issue 1, ISSN: 2277 – 5668 

Eqn. (21) is used to determine the reliability factor 

while Eqn. (1) is used to evaluate the unit normal variate 

and the reliability is obtained from Eqn. (2).  

B. Static Fatigue Failure Regime: t   

The design load capability in static fatigue failure is 

determined by the service tensile strength.  If direct field 

measurements are made, u  is obtained from test results. 

But, if the tensile data available are from laboratory tests 

on small polished specimens, then like the service fatigue 

strength, the service tensile strength, Eqn. (22a) and the 

cov of the tensile strength, Eqn. (22b) are estimated 

respectively as: 
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From [25, 26], ef  for traditional Gerber bending 

fatigue rule in static fatigue is:   
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From [23], the covof ef , Eqn. (32a) can be expressed 

as: 
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Substituting Eqn. (18) in Eqn. (21), the reliability factor 

is determined as [23, 25]: 
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Eqn. (25) is used to determine the reliability factor 

while Eqn. (1) is used to evaluate the unit normal variate 

and the reliability is obtained from Eqn. (2).  

 

VI. APPLICATION EXAMPLES 
 

Three examples are considered in this section in order to 

demonstrate the applicability of the reliability model and 

assess the failure risks in some past designs.  The objective 

here is design verification, in which the adequacy of the 

design is assessed on the basis of a reliability target 

instead of the traditional safety factor. Fatigue design is 

complicated by stress concentration at locations of notches 

which are sometimes inevitable because of the need to 

axially secure elements like bearings, hubs of gears, 

sprockets, etc., on a shaft. At a bearing seat, it is necessary 

to investigate stress concentration from a sharp shoulder 

fillet and occasionally, a sharp groove if retaining rings or 

locknuts are used. At a hub seat, gentle shoulder fillet, 

keyseat, and sharp groove for retaining ring are possible 

stress raisers. Generally, a sharp groove or keyseat stress 

raiser creates maximum stresses due to very high stress 

concentration factor associated with it.  Note that the net 

diameter at a groove for retaining rings is about 6% 

smaller than the nominal value [28]. 

A. Example #1: 
The shaft shown in Fig. 4 [4] is to be designed or sized 

for a minimum reliability (safety) factor of 5.2zn .  A 

steel material with MPa 188fS  and MPa 448uS  will 

be used for the shaft.   The fatigue strength was estimated 

from the tensile strength at 50% reliability and corrected. 

Other pertinent information from the cited reference is 

summarized in Table 1.  In [4], the task was to determine 

the size values of
2d , ,3d  and 

4d  for the shaft.  

 

 
Fig. 4: Example 1 [4] 

 

Table 1. Design Data for Example 1 

Parameter 
Design Point 

B C D 

)(NmMa  3.206 7.232 1.028 

)(NmMm  3.206 7.232 1.028 

)(NmTa  8.260 8.260 8.260 

)(NmTm  8.260 8.260 8.260 

k  2.50 2.25 2.25 

k  2.71 1.57 1.57 

 

Norton [4] used the Modified Goodman model (MGM) 

for the preliminary sizing of the shaft.  Table 3, row 3 

summarizes the size solutions to this problem from this 

source. The same problem was solved based on the 

generalized Gerber model (GGM) [25]. Table 4, row 3 

summarizes the size solutions to the problem from this 

source.  It is noticed that the GGM approach led to some 

size reduction as can be seen in the tables. 

To proceed with the design verification task, it is 

assumed that the overload factor is unity so that load 

values remain the same as in original problem and also 

that the shaft is machined at the sections of interest.  The 

coefficients of variation for the design parameters are 

summarized in Table 2. 

d d2
3

4d

B
C

D
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Table 2: Coefficients of Variation 

Strength Covs Value 

Basic fatigue strength ratio [5] 0.138 

Fatigue strength [4] 0.080 

Tensile strength [5] 0.060 

Diameter [5] 0.001 

Surface finish (machined) [5] 0.058 

Stress Covs Value 

Overload [16] 0.050 

Length [27] 0.001 

Stress concentration factor [5] 0.110 

Miscellaneous [24] 0.085 
 

For dynamic fatigue design verification, the applicable 

equations are Eqns. (1) – (11), (14) – (21) for dynamic 

fatigue and Eqns. (1) – (6), (12) – (13) and (22) – (25) for 

static fatigue.  The fatigue regime is verified using Eqns. 

(15) and (16). These equations were coded in Microsoft 

Excel spreadsheet software for the design verification.  

The maximum bending moments and other data in Table 1 

and the covs in Table 2 were provided as input data and 

the codes generated the output data.  

Table 3 shows the results of design verification of the 

MGM solutions for 2.5 reliability factor based on the 

probabilistic model presented in this paper.  This table 

reveals that, the MGM predicts a minimum reliability 

factor of 3.43 and reliability of 99.999986 at point D.  

Since the fatigue strength was estimated at 50% for the 

MGM; that seems to imply that the design reliability is 

50% or a failure rate of 0.50 for this example in the 

original solution [4].  However, the minimum reliability 

value in Table 3 is at least 99.999986 (almost 7 nines) or 

an approximate failure probability of 10
-7

 for point D. This 

reliability value is very different from that implied in the 

original MGM solutions.  
 

Table 3: Design Verification for MGM (Example 1) 

Para- 

meter 

Design Point 

B C D 

d [4] 16.00 15.60 13.00 

zn  3.51 3.45 3.43 

z 5.53 5.96 5.13 

zR

(%) 
99.999998 99.9999998 99.999986 

 

Table 4 shows the results of the design verification of 

the solutions from [25] that used the GGM.   This table 

reveals that GGM predicts a reliability factor of at least 

2.48 which practically meets the desired minimum 

reliability factor of 2.5.  Minimum reliability value in this 

table is 99.992 (at least 4 nines) or failure probability of 

10
-4

. Though the reliability factor is approximately the 

same in Table 4 for points C and D, the reliability 

variables show some slight variation. Hence a higher 

reliability factor may not necessarily translate into a higher 

reliability level (compare values at points B and C) in 

Table 3. 

Table 4: Design Verification for GGM (Example 1) 

Parameter 
Design Point 

B C D 

d [25] 14.3 14.0 11.7 

zn  2.50 2.49 2.48 

z 4.01 4.36 3.75 

zR (%) 99.997 99.9994 99.992 

 

B. Example #2: 

The shaft of Fig.5 rotates at 62.8 rad/s, transmitting 

150 kW.  It carries gears at points A and C with A as 

input and C as output. Bearings are located at points 

B and D.  Initial sizing of shaft was done in [28] for a 

nominal reliability of 99% and design factor of 2.0; 

assuming it will be machined from AISI 1144 OQT 

1000 steel.  For this material, tensile strength is 814 

MPa, yield strength is 572 MPa, and percentage 

elongation is 19%.   
 

 
Fig. 5: Example 2 [28, p548-552] 

 
 

Table 5: Design Verification for Example 2 

Para- 

meter 

Design Point 

A B C D 

)(NmMa

 
0 

2469.

34 
2347.83 0 

)(NmTm

 
2373 2373 2373 0 

k  2.00 2.50 3.00 2.50 

k  1.60 1.85 2.00 1.85 

d (mm) 

[28] 
45.7 95 101.6 80 

zn  1.08 3.02 3.31 
142.5

4 

z 0.50 5.01 5.44 22.87 

zR (%) 50 
99.99

997 
99.9998 100.0 

 

The design data for the problem is summarized in row 3 

to row 6 in Table 5.  Row 6 of the same table provides the 

size solutions from the source referenced.  A design 

verification study for this shaft was done. Rows 8 to 

10 of Table 5 give the results for the design verification 

study 



  

 

 

Copyright © 2015 IJEIR, All right reserved 

203 

 

 
International Journal of Engineering Innovation & Research  

Volume 4, Issue 1, ISSN: 2277 – 5668 

At point A in Table 5, it is observed that reliability is 

just 50%, an indication that the size appears to be 

inadequate. However, some factors need to be taken into 

account for this design point with the key seat taken as the 

critical stress raiser.  The ASME model used for the 

solutions in the original problem [28] does not apply stress 

concentration factor to mean stresses because yield failure 

is assumed. Since point A is under uniform torsional 

moment, stress concentration factor was not applied in 

[28].  Fatigue failures are of a brittle nature, so use of yield 

failure criterion is probably in question.  The model used 

for design verification [24, 25] applies stress concentration 

factor to mean stresses in static fatigue failure regime 

because it treats ductile materials under fatigue loading as 

brittle materials [4]. Static fatigue loading is associated 

with relatively low stress amplitude compared to the mean 

stress.  Key or hub seats without bending moments (Point 

A is a key seat) are more likely to experience such loading 

because the torque transmitted gives a mean stress that 

may be much larger than the amplitude stress arising from 

direct shear stress (generally low in shaft design) due to 

radial loads. Therefore, fatigue failure is a possibility at 

point A and applying a stress concentration factor may 

thus be justified.  When the theoretical stress concentration 

factors (as used in the original solution) were applied at 

this point, the reliability was found to be only 12.3%. A 

slight decrease in value should be expected if correction is 

made for the actual fillet radius and tensile strength of the 

material. Hence slightly lower stresses should be expected. 

The reliability at point A increased to 50% (shown in 

Table 5) when commonly used stress concentration factors 

for profile keyway [29] were applied.  Points B, C, and D 

all have reliability significantly higher than the specified 

nominal value of 99%.  Also the reliability factors at 

points B to C are higher than the design factor of 2 used in 

the source referenced.  We can conclude that the design 

for points B, C, and D is adequate, but that of point A is 

not.  Points B, C, and D are candidates for possible size 

reduction while size increase is necessary for point A. 

C. Example #3: 
The shaft shown in Fig. 6 rotates at 178 rad/s and 

receives 82.027 kW from a water turbine through a chain 

sprocket at point C [28]. A gear at point E delivers 59.656 

kW to an electric generator while a belt sheave at A 

delivers 22.37 kW to a bucket elevator. Bearings are 

located at points B and D. The gear, sprocket, and sheaves 

are located axially with retaining rings; the sheave and 

gear are keyed on sled runner keyseats while the sprocket 

is keyed on profile keyseat. The shaft material is AISI 

1040 cold-drawn.    

 

 
Fig. 6: Example 3 [28, p553-557] 

This material has a tensile strength of 552 MPa and 

yield strength of 490 MPa.  The design data for the 

problem is summarized in row 3 to row 6 in Table 6. Row 

6 of the same table provides the size solutions from the 

source referenced.  Rows 8 to 10 of Table 6 give the 

results for the design verification study. 

In this example, points A to E have reliability levels 

well above the required nominal value of 99% (see row 10 

in Table 6).  Also the reliability factors at points A to E are 

higher than the design factor of 2 used in the source 

referenced.  So we can conclude that this design is 

adequate. There appears to be room for size reduction if 

weight minimization is a concern for this design. 

 

Table 6: Design Verification for Example 3 

Para- 

meter 

Design Point 

A B C D E 

)(NmMa

 
0 377.3 542.9 356.5 0 

)(NmTm

 
127.5 127.5 335 335 335 

k  3.00 2.50 3.00 2.50 3.00 

k  2.00 1.85 2.00 1.85 2.00 

d [28]* 44.45 57.15 69.85 50.80 44.45 

zn  9.06 3.68 3.27 2.73 4.74 

z 16.33 5.93 5.38 4.54 11.51 

zR (%) 100.0 
99.99

99998 

99.999

996 

99.999

7 
100.0 

*Shaft diameter in mm 

 

7. DISCUSSION 
 

The design examples considered showed that traditional 

deterministic designs can be verified using probabilistic 

design approach.   The reliability factor in the probabilistic 

approach replaces the design factor in deterministic 

design. The reliability model shows a reliability factor can 

be associated with a specific reliability variable (unit 

normal variate) and hence a specific reliability value if the 

covs of design parameters are accounted for.  It should be 

noted that at the same reliability level, the reliability factor 

at different points along a shaft can vary because of the 

specific loading conditions and geometry at that point.  

But the reliability level or target is specified for a problem, 

independent of a design point.   In parts, it shows a 

reliability factor or safety factor in the traditional sense is 

not adequate in describing component or product reliabi-

lity since a single reliability factor can result in different 

reliability values depending on the load conditions and 

geometry at a point on a member. 

In the three examples considered, the predicted reliabi-

lity value is significantly different from the nominal value. 

Thus, the traditional approach of assigning nominal 

reliability level to fatigue strength alone seems inadequate 

because the variability of other design parameters is not 

considered. Consequently, the continued use of nominal 

reliability in fatigue design is in question and needs to be 

re-examined, modified or discontinued.  Specifically, the 

MGM solutions appear to be a very conservative model in 
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the design application of Example 1.  Since the MGM is 

still in popular use, it is our view that it is now time to 

reconsider the continued use of this model in machine or 

structural design.   For example, a less conservative model 

is provided in [25] for combined bending and torsional 

loads.   

Another short fall of current design approach is the use 

of the same strength correction factors at all design points 

along a shaft.  For instance, the diameter at each design 

point generally varies as can be confirmed in the examples 

considered above.  However, the same size correction 

factor was used at the different design points.  A more 

detail analysis should use the size at each design point to 

evaluate the size correction factor applicable to the point. 

A similar argument can be made with respect to the 

surface roughness correction factor since a bearing seat 

may be polished or ground while a hub seat is machined.  

Hence different surface roughness correction factors 

should be applied at these separate design points.  The 

operating temperature along a shaft is probably not going 

to change significantly along its length, so the temperature 

correction factor may be assumed constant.  But there may 

be situations that could require different values at different 

design points in specialized applications.  The short falls 

highlighted in this paragraph can be corrected in the 

reliability model presented by applying the effective 

strength correction factor to the effective stress at each 

design point. 

A probabilistic design approach seems to yield smaller 

dimensions compared to deterministic approaches.  This 

can lead to savings in equipment weight and manufacturi-

ng costs.  If the equipment is needed in large quantity, then 

thousands of dollars could be saved due to smaller sizes. 

More importantly, the conservation of non-renewable 

resources like steel makes it imperative to design new 

equipment for minimum size and weight while assuring 

reliability and customer satisfaction.  

 

8. CONCLUSION 
 

A design verification study of three shafts loaded in 

bending and torsion was conducted based on probabilistic 

approach using Gerber failure rule.  This failure rule is 

used because it may be associated with 50% reliability.  A 

design is accepted as adequate if the evaluated reliability is 

at least equal to a desired target. The probabilistic model 

parameters use mean values to estimate expected design 

results while the reliability of the design is evaluated using 

the coefficients of variation or covs of the design parame-

ters. The equations for the covs of strength and stress 

parameters were developed using sensitivity analysis 

based on first order Taylor series expansion of design 

relationships [24. 25].  

From three past design examples studied, the results 

suggest that size reduction may be possible without 

undermining safety at most design points. One design 

point in Example 2 was found to be inadequate and 

possible reasons were given.  It however raises the issue of 

the applicability of stress concentration factors under 

uniform torque transmission. The authors are of the 

opinion that they should be used because ductile materials 

generally behave as brittle materials under fatigue loading 

[4]. Secondly, uniform torque transmission in machinery is 

practically associated with vibrations that may come from 

surroundings transmitted through foundations. Thirdly, 

prime movers and, or load equipment induce fluctuations 

in machinery load history that create fatigue loading 

during uniform torque transmission.  Lastly, direct shear 

stresses due to radial loads with changing points of 

application create low level amplitude stresses that are 

superimposed on the steady torque load.  

Probabilistic design provides quantitative risk assess-

ment and permits reduction in component sizes compared 

to deterministic approaches.  It avoids over- or under-

design problems, leads to more economical pro-ducts, and 

help conserves scares and non-renewable materials. To 

make probabilistic design more wide spread, it is recomm-

ended that design data be presented in a new format [5] of 

mean values and coefficients of variation (covs).  For 

example, a fatigue strength quoted as 280(1, 0.12) MPa, 

has a mean value of 280 MPa and a cov of 0.12.  For 

probabilistic fatigue design, data on the mean and 

coefficient of variation of tensile strength, fatigue strength, 

and percentage elongation are recommended. 
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NOMENCLATURE 
 

s service fatigue ratio 

o basic fatigue ratio 

 load line transition angle  

m bending moment factor in dynamic fatigue 

ms bending moment factor in static fatigue
 

a amplitude torsional moment factor  

 load line slope factor 

t load line slope transition factor in fatigue 

a amplitude normal service stress 

m mean normal service stress 

a amplitude torsional service stress 

m mean torsional service stress 

aeq equivalent amplitude normal service stress 

meq equivalent mean normal service stress 


fe

 effective service bending stress 

k apparent bending stress concentration factor 

/
k theoretical bending stress concentration factor 

k apparent torsional stress concentration factor 

/
k theoretical torsional stress concentration factor 

xZ section modulus of member about x-axis 

pZ polar section modulus of member 

SM = Gerber nominal mean service stress 

SA=  Gerber nominal alternating service stress 

an ratio of fatigue strength to equivalent amplitude 

stress 

mn ratio of  tensile strength to equivalent mean stress 

ovK overload factor 

mM bending moment mean value 

aM bending moment alternative value 

aT twisting moment alternative value 

mT twisting moment mean value 

d shaft solid diameter 

/
fS laboratory test fatigue strength  

/
uS laboratory test ultimate tensile  

fS service or corrected fatigue strength 

uS service or corrected ultimate tensile strength 

szC size adjustment factor 

srC surface roughness adjustment factor 

tmC temperature adjustment factor 

S coefficient of variation of strength 

ef coefficient of variation of effective normalstress, 

ef  

aeq coefficient of variation of equivalent amplitude 

stress or amplitude bending moment 

meq coefficient of variation of  equivalent  mean stress 

or  mean bending moment 

o coefficient of variation of basic fatigue ratio 

bm coefficient of variation of bending moment 

zx coefficient of variation of section modulus 

k Coefficient of variation of stress concentration 

factor 

fo  = coefficient of variation of basic fatigue strength 

mis miscellaneous coefficient of variation 

u service tensile strength coefficient of variation 

f service fatigue strength coefficient of variation 

sz size coefficient of variation 

sr surface roughness coefficient of variation 

tm temperature coefficient of variation 
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su laboratory tensile strength coefficient of variation 

S strength random variable 

 stress random variable 

q failure stress lognormal random variable 

 mean value variable 

S strength variable mean value 

 stress variable mean value 

q failure stress lognormal variable mean value 


q

s failure lognormal standard deviation 

z unit normal variate 


z

n reliability factor at z  

zR reliability at z  

cov = coefficient of variation  

covs = coefficient of variations 
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